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GLOBAL WELL-POSEDNESS TO THE 3D INCOMPRESSIBLE MHD 
EQUATIONS WITH A NEW CLASS OF LARGE INITIAL DATA 

RENHUI WANi 


Abstract. We obtain the global well-posedness to the 3D incompressible magneto¬ 
hydrodynamics (MHD) equations in Besov space with negative index of regularity. 
Particularly, we can get the global solutions for a new class of large initial data. As a 
byproduct, this result improves the corresponding result in [lOj . In addition, we also 
get the global result for this system in originally developed in [12]. More 

precisely, we only assume that the norm of initial data is exactly smaller than the sum 
of viscosity and diffusivity parameters. 


1. Introduction 

We are concerned with the 3D incompressible MHD equations: 

" dtu + u ■ Vu — piAu -b Vp = B ■ VB, 
dtB + u ■ VB — B ■ Vu — fi 2 ^B = 0, 

' divM = divR = 0, 

^ u{0,x) = Uo{x), B{0,x) = Bq{x), 

here {t,x) G M"*" x u,p,B stand for velocity vector, scalar pressure and magnetic 
vector, respectively, pi and p 2 are nonnegative viscosity and diffusivity parameters, 
respectively. 

For pi > 0 and p 2 > 0, the local well-posedness and global existence with small 
data for fll.ip were obtained by Duvaut and Lions [7] in d dimensional Sobolev space 
s > d. Then Sermange and Termam [16] studied the regularity of weak solutions 
{u,B) G L°°(0,T; And some regularity criteria were established in [2ll]22ll23]. 

For /ii > 0 and /U 2 = 0 (so-called non-resistive MHD equations), by the new Kato-Ponce 
commutator estimate, 

||A®(m ■ VR) — M < CII VM||//q]Kd)||i?||iyqRd)5 ~ 

Fefferman et ah [8] proved the low regularity local well-posedness of strong solutions, 
which was extended to general inhomogeneous Besov space with initial data (mq, Bq) G 

B 21 (M.^) X in the recent works 0 and [18]. Furthermore, for the non-resistive 

version with smooth initial data near some nontrivial steady state, we refer 
for the related works. 
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Due to a new observation that the velocity field plays a more important role than 
magnetic field. The new regularity criteria only involving the velocity were proved, see 
[51 El ESI EE] and references therein. 


One can easily get a new formation of (ll.ljl by the following: 


W+ :=u + B, W- :=u- B, 


hi + h2 _ ~ /^2 

2 ’ “ 2 


with initial data W^{x) := uo{x) ± Bo{x), that is, 

' dtW+ + W- ■ V1T+ - Z/+A1T+ + Vp = ly.AW-, 

dtW- + W+ ■ VW- - Z/+A1T- + Vp = i2_A1T+, 

^ ( 1 - 2 ) 

divlT+ = diviy- = 0, 

^ W+(0,x) = Wo+(x), W-(0,x) = Wo-(x). 

Very recently. He et ah [10] obtained the global well-posedness for fll.2l) with initial 
data (uq, Bq) satisfying: 

(i) z/_ = 0 and 


-'ypn+||i,exp{c-pp||»'„-||i,} < 

(n) z/_ 7 ^ 0 and 



Here cq ia a sufficiently small positive constant. 


In this paper, we will prove the global well-posedness of fll.ip (pi > 0,/i2 > 0) in 
• --1 

generalized space, Bp^r (1!^^), by make full use of the harmonic analysis tools. The 
details can be given as follows: 


. 3 _i 

Theorem 1.1. Consider / li.il) with initial data {uq.Bq) G Bp^r (®^), {pc) ^ (l^oo) ^ 
[l,cxo), satisfying divwo = divHo = 0. There exists a constant C and a small constant 
p > 0 such that if 




^p,r 


||ITo Ll-i + ^(ll^o^lLi-i + ) exp <J ' (i 2 _ + ||ITo^|| } < pv+ 

(1.4) 


' B^ 

^p,r 


or 




Blr n+ 


' B^ 

^p,r 


+ T-dl'^o ILj- 1 + !'-) ) «xp { Cvr '{v- + \\W„ Gj-.)!-' }• < W+, 

(1.5) 


dP 

^p,r 


where (e, r) satisfies 
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0 < e < 1, if r = 1; 

0 < e < 1, if 1 < r < 2; 

2 

1-<e<l, if2<r<cx). 

r 

Then U.l\) admits a unique global solution {u,B) satisfying 

iu,B) e C{[0,oo);Bl;\R^))nL\[0,oo);Bl;!:\R^)). 
If z/_ = 0, i.e., /ii = /i 2 = P+, we have a corollary immediately. 


( 1 . 6 ) 


'—1 


Corollary 1.2. Consider M.l\) with initial data {uq^Bq) G Bf^r (®^), (pc) ^ (1, oo) x 
[l,oo), satisfying divwo = divi?o = 0. There exists a constant C and a small constant 
p > 0 such that if 


r>P 

^p,r 


||Vho II .|-iexp<^ 1|W^o^iri_i \ < hP+ 


or 


||hho II . 2-1 exp Cu 


rp 

^p,r 


2 

■ 1-e 


RP 

-^p,r 


2 

0 II ^ s'.i 
rp 

^p,v 


< w+, 


(1.7) 


( 1 . 8 ) 


where (e, r) satisfies (EJ). Then U.l\) admits a unique global solution {u, B) satisfying 


{u,B) e C{[0,oo);Blr\R^))nL\[0,ooy,B^r{R^)). 

Remark 1.3. (i) We will construct the global solution with a new class of large initial 
data. More precisely, assume that cf satisfies the condition in Proposition 12.41 

uo = (920,-^10,0), Bo = 2 sin^ 1^(920,-9i0,0), 

then divMo = divRo = 0 and ||(Mo,i?o)|| 2 _i < DJi {p > 3), which is independent of e. 

^p,r 

Moreover, thanks to Proposition \2.4\ there exists a positive constant Ci and C 2 , 

Cl 


||mo|| . 3-1 > Cl, ||i?o||. 3 . 


O T ft 

' RP * " ■ " ' " RP 2 ’ 

±jp^r ^p,r " 


11% — -Boll 3_i ^ C2e 


l-i 


rp 

^p,r 


which ensures the conditions n)(w S> P-j and o hold. Additionally, the assump¬ 
tion z/_|_ S> p_ is reasonable in astrophysical magnetic phenomena, see Remark 2.3 in 
[To]. Combining with the above explanations, this class of large data can lead the global 
well-posedness to U.l\) . 

(ii) One can easily check that condition \1.4\) is equal to H1.3\) when p = r = 2 and 
choosing e = |. By Bernstein’s inequality, we have the following embedding relationship: 

Bf^r , p > 2,r > 2. 

So our result improves the corresponding work under M.A) in [10]. By the same way, 
similar improvements can also be obtained under U.5\) , ([i. 7]) and 
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We shall point out that the above result can not be extended to p = cxo. As a matter 
of fact, by these works [2] and [12] concerning the well-known Navier-Stokes equations, 
(II.ip may ill-posedness in this endpoint Besov space. 

Next, we consider the space which is smaller than due to Proposition 

12.51 It was originally developed in [12] and applied to get the global well-posedness for 
the Navier-Stokes equations under 

|1mo|1x-i < A 

For MHD equations fll.ip . similar result holds under 

||mo|Ix-i + ll^ollx-1 < min{/i, r;}, (1.9) 

see [20] for details. 

We have some new result in 

Theorem 1.4. Consider / fi.il) with initial data {uo,Bo) G satisfying divuo = 

divi?o = 0. There exists a constant C such that if 

(lliro-llx- + + IIM"„+|lx-.)) exp + ||We+||^_.)e| < 2 ,.+ (1.10) 

or 

(l|M"o+ll,-. + + IIH^o'lk-)) exp + l|He„-||,-.)"} < 2^+, (1,11) 

Then 11.11) admits a unique global solution {u,B) satisfying 
{u, B) e C([0, oo); n L'([0, oo); 


Similarly, we also have a corollary immediately when z/_ = 0. 

Corollary 1.5. Consider 11.11) with initial data {uo,Bq) G satisfying divuo = 

divi?o = 0. There exists a constant C such that if 

IHr„-||,-.exp|k||n/+||J_,|<2,.^. 

or 

ll^o^llx-iexp |^||Wo"IIJ-i| <2z^+- 

Then U.l\) admits a unique global solution {u,B) satisfying 

{u, B) G C([0, oo); x-'(M=^)) n L'([0, oo); x'(M=^)). 


Remark 1.6. The authors in [12] proved the global well-posedness for Navier-Stokes 
equations by using 

||n • Vm|1^-i < ||m||^-i||m||^i, 

while we shall use the new estimate below in our proof, i.e., 

Il"^ ■ — ll'*^llx“ll'^llx°- 


Remark 1.7. Due to the symmetric structure of lil.Sfl . we only give the proof of Theorem 
11.11 and Theorem |1.^| under /jl-fl ) and M.lCh) . respectively. 
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The present paper is structured as follows: 

In section [21 we provide some definitions of spaces, establish several lemmas. The third 
section proves Theorem 11.11 while the last section gives the proof of Theorem 11.41 

Let us complete this section by describing the notations we shall use in this paper. 
Notations The uniform constant C is different on different lines. We also use 
and X* to stand for Bp j.(W^) and somewhere, respectively. We use 

A := B to stands for A is dehned by B, and 1 is the characteristic function. 


2. Preliminaries 

In this section, we give some necessary dehnitions, propositions and lemmas. 

The Fourier transform is given by 

fiO = [ e"“'V(x)dx. 

jRd- 

Let 03 = {.^ e |.^| < |} and £ = {.^ G W^, | < |^| < §}. Choose two nonnegative 
smooth radial function y, ip supported, respectively, in 03 and C such that 

= eeKUio}. 

j& 

We denote (pj = (p{2~^^), h = and h = where stands for the inverse 

Fourier transform. Then the dyadic blocks Aj and Sj can be dehned as follows 

A,/ = ^(2-'D)/ = V f h{Vy)f{x - y)dy, Sjf = W Aj/ 

k<J-l 

Formally, Aj is a frequency projection to annulus {.^ : C'i2-^ < |,^| < C'22-^}, and Sj 
is a frequency projection to the ball {.^ : |.^| < C2^}. One easily verihes that with our 
choice of 

AjAkf = 0 a \j -k\>2 and Aj{Sk-ifAkf) = 0 if \j - k\ > 5. 

Let us recall the dehnition of the Besov space. 

Definition 2.1. Let s G M, (p, <?) G [l,C)o]^, the homogeneous Besov space is 

defined by 

= {/e ||/|Ib^,^(k.) < oo}, 

where 

for 1 < g < oo, 

II/IIr»^(R‘*) = ■! 

sup2^-^||Aj/||iP(Rd), for q = oo, 

and denotes the dual space of = {/ G d°‘f{0) = 0; V a G 

multi-index} and can be identified by the quotient space of S'/V with the polynomials 
space V. 
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The norm of the space and is dehned by 


and 


^LlUH,r) •= 11^^' \j^ J \\rm- 

f e means / G L^{B^^r) and \\f{t)\\^s^^ is continuous in time. 

The following proposition provide Bernstein type inequalities. 

Proposition 2.2. Let 1 < p < q < oo. Then for any 13,'y & (M U {0})^, there exists a 
constant C independent of f, j such that 

1) If f satisfies 

suppfci^eR’^: \f\<)C2^}, 


then 

2) If f satisfies 

then 




suppf c{feR^: /Ci2^' < 1^1 < /C 22 ^} 




sup \\d^f\\LP 

l/3| = l7l 


For more details about Besov space such as some useful embedding relations, see 

mm- 

Lemma 2.3. [6] Let 1 < p < oo, suppu C C(0,i?i,i?2) (with 0 < i?i < R 2 ). There 
exists a constant c depending on ^ and such that 


s 

Jr3 


\u\^dx < 


p — 1 


Au\uf’ "^udx. 


( 2 , 1 ) 


Proposition 2.4. Let cf G whose Fourier transform supported in annulus con¬ 

tained in \ {0}, and p > 3. If Uq = (<920, ~di4>, 0) and Bq = 2 sin^ ||((920, —di4>, 0), 
then there exists a constant Ci,C 2 > 0 such that 

lluoll ^1-1 > Cl, ll^oll ^ 


■ RP 

^p,r 


■ R^ 

^p,v 


and 


here e is sufficiently small. 


W^o — Bq\\ 3_^ < p, 


■ dP 

^p,r 


Proof. The last estimate can be obtained by following the proof of Lemma 3.1 in [3]. So 
we suffice to show both ||mo|| . 3_i and ||i?o|| .3_i has positive lower bound. With this <p, 

jdP dP 

JDp-p JDp^j’ 

there exists a hnite jo G Z, such that AjQd 2 (f> 7 ^ 0, which implies 

||'^jo^20||L°° ^ Co 
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for some positive constant Cq. Thanks to this, by Bernstein’s inequality, we have 


\\uo\\ .1-1 > 


■ rp 

^p,r 




and by triangle inequality 

||Bo|| .§-1 > ||mo|| .|-i - ||mo - ^oll .|-1 > 2 "^°eo - C2e^~p > 2 "^°“^eo 

p P p P p P 

jDpr JDp^r JDp^r 

due to the sufficient small e. Choosing Ci = 2~^°eo yields the desired result. 
For some convenience, we provide the following definition of 


ii/iix“:= [ ieii/(OMe, 

and we refer [T2] for some details. 

Proposition 2.5. Let f G x~^! then we have 


□ 


where 





ll/ll 


ii/iki 

j& 


Proof. The hrst inequality is obvious, while the second inequality can be proved by using 
||/||l°° < ll/llii- Now, we prove ||/||b-i ~ ll/llx-^- definition of Aj, and using 

Monotone Convergence Theorem, 

ll/ll,r,i=E2''IM2-k/K)IIi- 

=iiiei-V"(OiiUi 

= ll/llx-, 

where we have used J2j£Z 1 (p>0. □ 

Lemma 2.6. (i) Let {p,r) G [l,oo) x [l,oo], divu = 0, then 


\u ■ Vnll 3_i < C ||m| 

LliBfr ) 


and f = ||m||^ 3 . 


3 

-1 11^II . s+1 

+ ll'^^ll 

.3_i l ull .3+1 ; 

( 2 . 2 ) 

LriBfr 

) chSpC ) 


) Li(SpC )/ 

], divM 

= 0, then 





1 + e 


1-e 


. 3-1 

<c'ii^ir 3 

+1 ll'^ll 

1 2 

1 3^5 

(2.3) 

PBfr ) 

BliBf 

. ) 



2 

1 3 1* 

In particular, 

^KM) 

also holds when (e, r) = 

( 0 , 1 ) 

^p,CiO 









RENHUI WAN 


For the proof, we shall use homogeneous Bony’s decomposition: 

uv = TuV + T^u + R{u, v), 

where 

TuV =Sj-iuAjV, T^u = '^^AjuSj_iv, R{u,v) = '^^AjuAjV, 
jez 


here Aj = Aj_i + Aj + A^+i. 

Proof. The estimate of fl2.2p can be established by using 

||M-Vn|| .3_i < C{||m|| .3_i|ln|| . 3+1 + |ln|| . 3_i ||m|| .3+1}, 




fjp ftP 

±jp<r -‘-*p,r 


dP "dP 

Upj’ 


whose proof is standard. Thus the goal is the estimate of fl2.3p . By homogeneous Bony’s 
decomposition, 

||M-Vn|l_ .3_i <\\Tuidiv\\_ .3_i +||Ta,^n*|l. .3_i + ||i?(n, Vn)|l, .3_i 

) Ll(Blr ) 'ThSpA ) ) (2.4) 

'■=Ii + h + h- 

Let 0 = 0 < e < 1. For Ji, using Holder’s inequality and Bernstein’s inequality. 


h< 


2^1-1) ^ ||A,(^,_in-VA,n)|Ui^p 

\k-j\<A 




<c 
<c 

<c 

<c 

<c 


2^(|-')||Vin-VA,n|U-p 


r(z) 




2i(|+d 


\\Sj-iu\\L^\\V AjV\\LpdT 




lulln-e IIAmlApdr 

' '' -^ 00,00 " " 


2Fp+d / ||ti|| 3_J|Ajn||i;,pdr 


J-'n.r 




B(Z) 


^'^\\Ajv\\\^l^{l 2^^p ^^\\u\\\_J\Ajv\\LpdTy 


'0 


rP 

-^p,oo 


1-e 

I 2 


r ^ 3 ^;^ ||'y|l^ . 3_1 — C||n||J^ 3 ||x;|| 3 _^ , 

LliBfr ) ) LI(BP, ) LlfiBP, ) 


2 

I 1-e 


here / = ||n|| and we have used 

jdP 

^p,oo 

112^'1|5',m|Up||^ «||n||^ Vs<0. 
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Similarly, for / 2 , by Holder’s inequality and Bernstein’s inequality, 


I‘2 < 


<C 


<C 


|fc-j|<4 

2^^p~^\\AjU ■ WSj-iv\\iiip 

j-t 

2t(p-i) / \\Aju\\Lp\\VSj_iv\\L^dT 

Jo 


<C 


<C 


<c 


/ I|m|| 3 

Jo 


2 ^ ^p~^^^\\Aj>v\\LpdT 

j'<j-2 

[ ||n|| Aj/ullipdr 

r, ^0 l^p,00 




2t(p+'=) / ||ti|| 3_J|Ajn||LP(ir 


where we have used Young’s inequality for series for the last inequality, i.e.. 






Cj! 




< C||2-^*''^ ^^lj>2||u(z)||cj||r(z) < C'llcjllu 


Following the same argument as Ji, one gets 


1-e 

2 


^2 < C'IItII " 3+1 ii^ii 3_i • 


Finally, we bound I 3 . By Bernstein’s inequality. Young’s inequality for series and 
Holder’s inequality, we have 


l3< 


2hp 1) ^ ||Aj(AfcM • VAfcn)|| 


LjLP 


k>j-3 


<c 

<c 

<c 

<c 


2 ^p ^ \\Aj{AkU® Akv)\\LiLP 

k>j-3 


2^^ ''^p2''p||Aj(AfcM(8) Afcn)||iiiP 

k>j-3 

rt 
fc3 


2 p / ||AfcM||ip||Afen|li,cx,cir 


'0 


U(Z) 
(p < cxo) 


/ ||m|| . 3_JAfcn|lLpdr 
Jo 
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and using the same way as the estimate of Ji derives 


Hi 




Plugging the above estimates into (12.dh leads the desired result (I2.3p . 
In addition, if r = 1, the estimate of Ji can be replaced as follows: 


h <c 

<C 


/ ||S'j_iM||Loo||VAjull^pdr 


2^p / ||m|| . 3 II Ajullipdr 




B^, 

pA 


<c 


2hp+i)2||Ajn||b (2-^^p [ ||m||^ 3 ||Ajn|lLP(ir)2 


^,1 


■ ^+1 


. d-i ’ 


LliBlr ) L\j{Blr ) 


here / = ||n||^ 3 . At the same time, one can get the new estimates of I 2 and Is with the 


P,1 


similar procedure. Thus we complete the proof of this lemma. 


□ 


3. Proof of Theorem 11.11 

As the Remark 11.71 if suffices to prove the Theorem 11.11 under (II.4p . One can get 
the local existence and uniqueness for fll.ip by using the standard argument on the 
Navier-Stokes equations, namely, there exists a T* > 0, such that 

(n, B) e O([0, T*); b};") T*); 4^)- 

Since the equivalence between fll.ip and fll.21) . we will consider fll.2p and suffice to prove 
T* = cx>. 


Now, we begin the proof. Let us consider 0 < e < 1 and r < containing all cases 
in (II. 6 p except (e,r) = (0,1). Dehne 


T:=supaG (0,T*) : ||IT \\ +u+\\W || ^ (3.1) 

1 . \^P,r ) ^t\^P,r ) ) 

where cq is small positive constant and will be determined later on. 

Step 1. The estimate of . Consider the hrst equation in fll.2p . using fl2.ip . we 


get 


^||A,IP+||ip + ci/+22f ||A,TP+|Up < C'||A,(iy- ■ VIT+)|Up + C'i/_22f ||A,TP-||ip, 
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which yields by a standard procedure 






CV+\\W^ 


—+ 1 




<2||ir„+|LI_. + . VH^+IL,, 


■ RP 


LUBlr ) 


+U • 


LUB^r ) 


By fl2.2l) and fl3.1l) . we have for all t G (0,T], 


||vr+|L ,.i-.+c>'+||vr+|L,, <2|ny+|| ,..+c^_IHy 


BTiB^r ) 


L]{B^,r ) 


CdlfB- 


.1-111^ 


+ 1 


rp 

^p,r 


^^+1. 


+1, 


+ ||1B^ 


LjiBlr ) 

.s-1 




<2\\W^\\,. +Ceo{v^\\W+\\ ,, +||W^+|L ^.|-y) + d^eoP_, 

Bi,r L]{B^,r ) L^(B^^r ) 


with the selection of Cq < min{^, leads 


||fB+|| 3_1 +cu+\\W^\\ 3+1 <4||B/o+|| 3 _i + 2ci/_. 

Step 2. The estimate of W~. Denote 


(3.2) 


/(t) := ||H/+(t)||‘,‘__, := VF*exp{-A f f{T)dT}, px := pexp{-A f f{T)dT}, 

Jo Jo 


nP 

^p,oo 


where A is large enough constant and will be determined later on. So we can rewrite the 
second equation in fll.21) as 

dtWy + Xf{t)wy + ■ vwy + Vpx - i^+Awy = z/_Aiy+. 

By a similar procedure, we have 

W^jW^Wl^lp+x tf{T)\\A,wy\\LPdT + cu+2^^\\A,wy\\LiLP 
Jo 

< IIA,fTo'llLi> + C^I|A,(1T+ ■ VlT;r)IUiLp + C'z/_22iA,W^A^IlLiLp- 

Then we obtain 


IIw^a" 


+CP+II1T;; 


"Lr{B!J,r') ''"lUbIa) 


. -+1 

r-. 71 ^ \ 


A||Vh,- 


L\f(BA ) 

Thanks to fl2.3l) . and by Young’s inequality, we obtain 


< + ciiw'*. vw'Oi 

JDp^r \-^p,r ) -t-'t \^p,r ) 


IIW'a 


L^{BA ) 


c-'+IIW'j 


1 + 1 




AIIW'a 


Oj0p.’- ) 


<l|ir<rlLi-. + cp_|hv+IL+ ciivr. 


1 + e 


rp 

^p,r 


LliBA ) 


A,^ + l 


L^{Bp^r ) 


IIT 


1-e 

— II 2 


LlfiBA ) 


<ll»'(rlLi-. + cp_||iv+ 


■ rp 

^p,r 


■ ^+1. 


BiiBA ) 


+ 


CZ/+ 


I|w"a 


• ■^+lx 


LUB^,r ) 


1 + e 


IIiTa 


O.siPl' ) 


(3,3) 
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l + e 

1-e 


Choosing A > 2 Cvj^^ % absorbing the third and fourth term on the right hand side of 
last inequality by the left hand side in fl3.3p follows 












_l+£ 


IIw^a" 




<\\W,-\\^,.,+Cu_\\W^\\ , 

\^P,r ) 


■ 


Obviously, using fl3.2p . we have 

\^p,r ) ^ty-^Py'B ) J^p,r ) 




This yields, after using fl3.2p again, for all t G (0,T), 


\m 


A II- -^-1 

roo/DP 
t \^p,i 


cv4\W, 


• -+1 


L\{Blr ) 


v_ 


<C ( llhho-ll . 1-1 + -dlW^cTlI „|-1 + ^-) ) exp ^ - 


' B^ 

^p,r 


■ rp 

^p,r 


1 + e 


\\w^{r)r:i_dT 


fjp 

-^p,oo 


z/_ 


<C (l|ir„-|L I-. + — (IWIL I-. + 1 '-) I exp -I c>/p-Iiiy+Ii; 


■ RP 

^p,r 


■ fjp 

^p,r 


1 + e 


2 3 

bP 

-^p,i 


Lr^ (B^.r d 


Z/- 


<0 llhho'll . 1-1 + -dWlI -i-i + ^-) exp Cul^-{u_ + IKII , 


' B^ 

^p,r 


V. 


dP 

^p,r 


r>P 

^p,r 


which implies that if we take rj small enough in fll.4l) . there holds for all t < T, 


IIW'; 


"+111^^ 


eo 


\ II ^ — 1 I ^+11 \ II ^-)-f — ^ • 

L^iBP^r ) LliBP^r ) 2 


Then by a standard continuous method, we get T = T* = oo. 

The remainder is r = 1, e = 0, by a similar arguments, using fl2.3p for this case and 
let (e,r) = (0,1), / = ||hh’'’|P 3 in (I3.3p . the desired result can be otained. Hence, we 

BP, 

P,1 


complete the proof of Theorem 11.1 


4. Proof of Theorem 11.41 

One can easily get the local well-posedness of fll.ip . that is, there exists a T* > 0 
such that 

{u, B) e C([0, T*); x-'(K')) O L'([0, T*); 

So we suffices to show T* = 00. 

Now, we begin the proof. fll.lOp is indeed equal to 

(llir„-L-. + ^{i^- + |Hr„+||,-.)) exp |T(„_ + |ny+||,-.)"} < (2 - £„)>.+ (4.1) 
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for some eo > 0. And next we snffices to prove the desired result under fl4.1l) . Let 
Cl, C 2 G (0, 2) satisfying 2(2 — eo)^ < C2(2 — Ci)^ and 

a = C 2 P+, Oi = Cii^+, b G (—^-■\/2C2P+). 

Then consider the first equation in (II.2p . by the procedure as [I2], and using interpolation 
inequality, we have 

< \\w* ■ vw-\\^-. + v.\\w-\\^. 


dt 


<PW|lv»l|W'’-||v. + >'-||M^ 1 lv. 




which derives by integrating in time, 

ll‘r+IUr(x-‘)+('^+ - 




Define 


T sup {t G (0, T*) : ||iy ||Lf>(x-b + ^+ll^ IIlICL — • 

Then we will prove T* = T = 00 under fl4.ip . Using fl4.3p . combining with 


have 


(1 - i^)ll”"^llir(x-) + ("+ - ^)ll»r+lli;„.| < l|tro+llx- + 


(4.2) 

(4.3) 

, we 

(4.4) 


Following the similar way as fl4.2p . one gets 

and thanks to fl4.4p . 

iiM'-(()ii^-.+(>^+-^)iin^-n.i,., 


<- 


^ \\w*f^A\w-\W-^dT + UC.(^ + ||ir„+||,-.) + ||ix„ 


■ 2ai 


'0 


p+ - f Z/+ 


with the application of Gronwall’s lemma, by interpolation’s inequality and (14.4p leads 

11^ ll'^r(x-i) + ('^+ “ y)ll^^llLi(xi) 

2fli Jo 


<(l|iL 


0 IIX“ 


u “ ' 

P+ 2 


z/_ 

1 

M- 

,, a 

P+ 2 


z/_ 

/ 

M- 

1 

+ 



x +||2 

llx° 


+ l|W^o^llx-Oexp 


2az/4 


.hv. 


ai(2az/+ — 62)(2 z/_,_ — oi) z/+ 


+ \m 


0 llx“ 
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which indicates that there exists constant C such that 

11^ IU?°(x-i)+(i —^)^+ll^ ll^hx^) 

< (liw^o'llx- + + IWIIx-o) + IWIIx-0^} 

<(2 - eo)u+. 

This implies that 

I|pp“IIl?°(x-p + ^+ll^~llLhxd < 2 - Cl^ ^ 

Therefore, by standard continuous method, we get T* = T = oo. This concludes the 
proof of Theorem I1.41 
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